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HENON RENORMALIZATION IN ARBITRARY DIMENSION : 
INVARIANT SPACE UNDER RENORMALIZATION OPERATOR 


YOUNG WOO NAM 

Abstract. Infinitely renormalizable Henon-like map in arbitrary finite dimension is con¬ 
sidered. The set, A/" of infinitely renormalizable Henon-like maps satisfying the certain 
condition is invariant under renormalization operator. The Cantor attractor of infinitely 
renormalizable Henon-like map, A in V has unbounded geometry almost everywhere in the 
parameter space of the universal number which corresponds to the average Jacobian of 
two dimensional map. This is the extension of the same result in M for three dimensional 
inhnitely renormalizable Henon-like maps. 


Contents 

1 Introduction 

2 Preliminaries 

3 An invariant space under renormalization 

4 Universal numbers with and dyS 

5 Recursive formula of 4^^ 

6 Unbounded geometry on the Cantor set 

7 Non rigidity on the critical Cantor set 
A Recursive formula of D(5i 

B Critical point of infinitely renormalizable Henon-like map 


E 

a 

0 


16 | 


24 


m 




40 


1. Introduction 

The universality of one dimensional dynamical system was discovered by Feigenbaum and 
independently by Coullet and Tresser in the mid 1970’s and universality of higher dimen¬ 
sional maps is conjectured by Coullet and Tresser in CB. Hyperbolicity at the hxed point 
of renormalization operator is hnally proved by Lyubich in |Lyu| using quadratic-like maps 
in one dimensional holomorphic dynamical systems. The similar universal properties are 
expected in higher dimensional maps which are strongly dissipative and close to the one 
dimensional maps. In particular, renormalizable maps with periodic doubling type are in¬ 
teresting in two or higher dimension. Universality of two dimensional strongly dissipative 
inhnitely renormalizable Henon-like maps is justihed in |CLM] . Cantor attractor of two di¬ 
mensional Henon-like maps is the counterpart of that of one dimensional maps but it has 
different small scale geometric properties. In particular, it has non rigidity and unbounded 
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geometry. These geometric properties are generalized in special classes of the highly dissi¬ 
pative three dimensional Henon-like family in |Nam2l [Nam3] . 

1.1. Henon maps and bifurcation of the homoclinic tangency. Henon map is a 
polynomial diffeomorphism from to itself as follows 

Ha,b{x,y) = {I - ax^+ y, hx). 

A famous conjecture is the existence of strange attractor at the parameter a = 1.4 and 
b = 0.3. The first significant achievement about the Henon map with parameter space (a, b) 
was done by Benedics and Carleson in |BCj . There exist strange attractors for the positive 
density of the parameter space, (a, b) such that Oq < a < 2 and b < b^ where Oq is close to 
2 and b^ is small. This parameter values which are considered in |BCj is a generalization of 
one dimensional Misiuriewicz maps in |Jak] . Jakobson proved that the maps 1 — ax^ which 
have absolutely continuous invariant measure with respect to Lebegue measure has positive 
density on the parameter space. So is in the Henon family in |BC] . Wang and Young used the 
certain geometric conditions to generalize Henon family in |WY1] with statistical properties. 
Furthermore, it is generalized to arbitrary hnite dimension in |WY2] with the rank one 
attractor, that is, attractor with the neutral or repulsive direction is one dimensional. 

Let us consider a homoclinic tangency of two dimensional maps. Then the dimension of both 
unstable and stable manifold at the homoclinic point is one. After bifurcation of homoclinic 
tangency, stable and unstable manifold are (transversally) intersected around the homoclinic 
point. Let us choose a bounded region on which this bifurcation occurs and consider the first 
return map, H. Then after appropriate smooth coordinate change, the image of horizontal 
lines in the bounded region is the vertical lines. Then we obtain that the simplest non-linear 
map which satishes the above properties, which is called Henon map 

Ha,b{x,y) = {x^ - a + by, x). 

However, in general the first coordinate map of the first return map is not a polynomial but 
is a perturbation of a unimodal one dimensional map, say f{x). Then the hrst return map 
is of the following form 

F{x,y) = {f{x) -e{x,y), x) 

where f{x) is a unimodal map. We call this map Henon-like map. Moreover, a perturbation 
of homoclinic tangency could occur in higher dimension. In order to make that the first 
return map has Henon-like form in the hrst two coordinates, let us assume that dimension 
of unstable manifold at the homoclinic point is one. Then the hrst return map in higher 
dimension has hrst two coordinates similar to the two dimensional Henon-like map after 
smooth coordinate change which battens the stable manifold at the homoclinic point in the 
bounded region 

F{x, y, Zi, Z2,..., Zm) = (fix) - e{x, y, Zi, Z2,...,Zm), X, • ) 

where f(x) is a unimodal map. If the maximal backward invariant set has only one dimen¬ 
sional neutral or unstable direction, then it is called rank one attractor. This viewpoint is 
rehected in the paper of Wang and Young, |WY2] for the maps in higher dimension on the 
chaotic region in the parameter space. 
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1.2. Statement of result. Period doubling renormalization of analytic Henon-like maps 
was constructed on |CLMj by de Carvalho, Lyubich and Martens. The set of renormalizable 
Henon-like maps is a counterpart of the set of Henon maps in chaotic region. Moreover, we 
expect the map F has no homoclinic tangency between the stable and unstable manifolds 
of the regular hxed point. Henon renormalization is extended to three dimensional Henon- 
like maps in |Namlj . Geometric property of the Cantor attractor, for example, unbounded 
geometry of inhnitely renormalizable dimensional Henon-like maps was extened in certain 
invariant space of three dimensional maps under renormalization operator in [Nam2[ [Nam3j . 
A particular set of three dimensional Henon-like maps, say J\f in which every Henon-like 
map, say F, satishes the following condition 

(1.1) dy6 O {F{x, y, z)) + d^6 o {F{x, y, z)) ■ dj{x, y, z) = 0. 

where F(x, y, z) = (f(x)—e(x,y,z), x, d(x,y,z)). Denote the set of inhnitely renormalizable 
Henon-like maps by IbIe) where B is the domain of Henon-like maps. Then M 0 X 3 ( 6 ) was 
found as an invariant space under renormalization operator in |Nam2j . 

Henon renormalization of period doubling type in arbitrary hnite dimension is dehned in 
|Nam4j and a space invariant under renormalization operator. Henon-like map in higher 
dimension is dehned as follows 


F(x,y,z) = (f(x) - e(x,y,z), x, d(x,y,z)) 

where z = (zi, Z 2 , ■ ■ ■, Zm) and <5 = (<5^, 5^, S^,..., 5”*) is a map from the m -|- 2 dimensional 
hypercube B to for m > 1. Henon-like map is generalized in higher dimension as a model 
of the hrst return map of perturbation of the homoclinic tangency of sectional dissipative 
map at hxed points. In this paper, we hnd the invariant space which is the extension of the 
space J\f OXb{s) in arbitrary hnite dimension and prove the unnbounded geometry of Cantor 
attractor of each element in J\f 0 X 3 ( 6 ). Many parts of this paper are self contained although 
most ideas and notations are the same as those in [Na.m2] . 

Definition 1.1 (Dehnition 13.H . Let J\f be the set of m -|- 2 dimensional renormalizable 
Henon-like maps such that each map F & M satishes the following equation 

m 

dyP o F(w) + o F(w) ■ dxd\w) = 0 

1=1 

where w = (x, y, z) G Dom(F) and F(w) = ( f(x) — 6(w), x, S‘^(w), ..., S"^(w) ) for 

all 1 < j < m. 

Theorem 1.1 fTheorem 13.4p . The space J\f 0 X 3 ( 6 ) is invariant under renormalization, that 
is, if F E J\f 0 X 3 ( 6 ), then RF G Af 0 X 3 ( 6 ). 

Henon-like maps in the above space has generic unbounded geometry with the universal 
number bi corresponding the average Jacobian of two dimensional Henon-like map. 

Theorem 1.2 fTheorem 16.7p . Let F,, be an element of parametrized space in Af 0 X 3 ( 6 ) with 
bi = bp/bz where bp is the average Jacobian of F and bz is the number defined in Section 


3 


4 . 3 , Then there exists a small interval [0, fe,] for which there exists a Gs subset S C [0,6,] 




















with full Lehesgue measure such that the critical Cantor set, Op,, has unbounded geometry 
for all bi G S. 


There exists non rigidity between Cantor attractors of Henon-like maps. 


Theorem 1.3 (Theorem I7.2p . Let Henon-like maps F and F be inJ\fr\XB{e). Letbi be the 
ratio hp/b^ where bp is the average Jacobian and h^ for F is the number defined in Proposition 


homeomorphism which conjugate Fq^ and Fq- and 4>{Tp) = Tp. If bi > bi, then the Holder 


4 . 2 , The number bi is defined by the similar way for the map F. Let fi: Op Op be a 


exponent of 0 is not greater than - 


(i + !25hV 

V log 61 / 


2. Preliminaries 

Let m + 2 dimensional Henon-like map be the map from the m -|- 2 dimensional hypercnbe, 
B to which is of the following form 

(2.1) F{x, y, z) = (f(x) - e(x, y, z), x, d{x, y, z)) 

where z = {zi,Z 2 , ■ ■ ■ ,Zm), / is a nnimodal map on the close interval 7ix{B), e and (5 is a 
map from H to M and respectively. In addition to the above dehnition we assume that F 
is an orientation preserving analytic map and both ||£|| and || (5|| bounded above by Ce for 
sufficiently small positive e and for some C > 0. Then the Henon-like map in arbitrary hnite 
dimension is the simplest model as the hrst return map of the homoclinic bifurcation with 
one dimensional unstable direction and sectional dissipative map with strong contractable 
directions. 

Let / be the nnimodal map on the closed interval I which contains the critical point and 

the critical value such that /(/) C I. The map / is called renormalizable with periodic 
doubling type if there exists a closed subinterval J I which contains the critical point, c/ 
of / and J is (forward) invariant under and f^{cf) G dJ. Thus if / is renormalizable, 
then we can choose the smallest interval J/ satisfying the above properties. The conjugation 
of the appropriate affine conjugation rescales Jf to I and it dehnes the renormalization of 
/, Rf: I ^ I. For the renormalization of smooth map on the closed interval, for example, 
see |BBj . If / is inhnitely renormalizable, then there exists the renormalization hxed point, 
/ under the renormalization operator. Moreover, the scaling factor of /* is 



and A = 1/cr = 1/2.6.... If the nnimodal map / has two hxed point on the interval 
I = [—c, c] for some c > 0 and both ||e|| and || 5|| is small enough, then the Henon-like 
map F dehned at fl2.ip has only two hxed points on the hypercnbe [—c, Let fio be 

one hxed point which has positive eigenvalues and fii be the other hxed point which has 
both positive and negative eigenvalues. We call that Henon-like map F is renormalizable if 
IT“(/9o) hi hF^(/3i) is the orbit of a single point. Thus if F is renormalizable, then there exist 
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invariant regions under F^. However, the image of the hyperplane {x = const. } under 
is the surface 

f{x) — e(x, y, z) = const. 

which is not a hyperplane. Then is not Henon-like map. Thus the analytic dehnition of the 
renormalization of F requires the non linear scaling map. The horizontal-like diffeomorphism 
H of F is defined as follows 

H{x,y,7.) = {f{x) - e{x,y,7), y, z - 6{yJ-^{y),0)) 
and it preserves the hyperplane {y = const. }. Then the renormalization of F, RF is defined 

RF = RoHoF^oH-^o A-i 

where the dilation A{x,y,z) = {sx,sy,sz) for the appropriate constant s < —1. If F is n 
times renormalizable, then each R^F for 2 < k < n is defined as the renormalization of 
Rk-^F successively. If n is unbounded, then we call F is infinitely renormalizable. 

Let B the hypercube as the domain of Henon-like map. If it is emphasized with relation of 
particular map, for instance, F or R^F, then we express this region as B{F) or B{R^F) and 
so on. Any other set may have similar expression with a particular map. In this paper, we 
assume that any given Henon-like map is analytic unless any other statement is specified. 
Moreover, the norm of £ and 5 is always 0{e) for some sufficiently small e > 0. Let the set 
of infinitely renormalizable Henon-like map be Fb(£)- Then the renormalization operator 
has the fixed point in Xsi^). The hxed point F* is a degenerate map as follows 

Ffix,y,z) = if fix), X, 0) 

where /* is the hxed point of the renormalization operator of the (analytic) unimodal map. 
Furthermore, the renormalization R^F converges to F* as n —)■ cxd exponentially fast and 
F*, the map F* is the hyperbolic hxed point under renormalization operator and the stable 
manifold at F* is codimension one. All of above properties is valid for inhnitely renormaliz¬ 
able Henon-like maps in any two or greater dimension. See |CLM1 INamll INam3] . 

For F G Xb{s), Fk denotes R^F for each A; G N. Let the non linear scaling map which 
conjugates F|L-i(F)0 to RF^ is 

i-F = ° Dom(flF0 ^ A^UB) 

where Hk is the horizontal-like diheomorphism and A^ is the dilation with the appropriate 
constant s < — 1. Let for each A; G N. For k < n, we express the consecutive 

compositions of or as follows 


( 2 . 2 ) 




Let tc be a letter which is v or c. Let the word of length n in the Cartesian product, 
IT” = {n,c}” be or simply be w. Thus the map is dehned with the word w of 
which length is n — k. The region B^ denotes ,^{B{R^F)). If F is in the set Xb{s) then 
it has the minimal invariant Cantor attractor 

OO 

0''=n u 

n=l 
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and F acts as a dyadic adding machine on Op- The connterpart of the critical valne of the 
unimodal renormalizable map is called the tip 

{Tf}=n B" 

n>0 

Let /i be the uniqne invariant probability measure on Op. The average Jacobian of F, bp is 
dehned as 

bp = exp / logJacFdp. 

Jof 

Then there exists the asymptotic universal expression of Jacobian determinant of R^F with 
the average Jacobian bp (Theorem 5.10 in [Nam4] ). 

Jaci^'^F = b^pa{x) (1 + 0(p^)) 

where a{x) is the universal positive function and p is a number in (0,1). Let be the tip of 
RJ^F for each n G N. The dehnition of the tip and implies that v('Oi) ~ for k < n. 
After composing appropriate translations, tips on each level moves to the origin as the fixed 
point of the following map 

= '^l^{w + Tn) -Tk 

ioT k < n. If n = fc + 1, then is separated to the linear and non linear parts as follows 





akul ■ • • CTfcM^ 

\ 


/ X + Sk{w) \ 

O'k 




y 

akdl 




zi+rliy) 






V akd^ 







^ktk 

U./c 

O'k 


O'kdk 

^k 


( X + Sk{w)\ 

z + ^kiy)) 


where w = {x, y, z) and the boldfaced letters are the vectors each of which has m coordinates. 
The map is also separated to the linear and non linear parts after reshuffling. 


/I tn,k / CXn^k \ / X -\- \ 

= 1 y 

\ 1 / \ CTn,k ■ Idmxm/ \Z T Rn,fc(2/)/ 

where an,k = + and an,k = + 0(p"')). In this paper, we often confuse 

the map with in order to obtain the simpler expression of each coordinate map of 
For example, the expression of the first coordinate map of 

C^n, fc(^ T Sf, (ta)) J- (Tn, ktn, ky T CTn, fc ' (z “1“ Rn, fc(2/)) 

means that 

an,k[{x + T^) + Sk{w + Tn)] + (Tn,ktn,k{y + +Cr„,fcU„,fc • [ (z + T^) + Rri, k{y + T^)] - Tk 


where = (r(J, r^,...,and ,... for k < n. Recall the following 

dehnitions related to the inhnitely renormalizable Henon-like map F for later use 
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K^{w)=(Tn-W, = H^^{(JnW), 

for each n G N. 


= FnOH^^{(JnW) 


3. An invariant space under renormalization 


Let F be a Henon-like map defined on the m + 2 dimensional hypercnbe, B as follows 

Fiw) = {f{x) -e{w), X, 6{w)) 

where w = (x, y,zi,..., Zm) and 6 : B ^ tIz{B). The map d{w) = ((5^(t(;), S‘^{w ),..., S^{w)) 
where 6^: B M. for 1 < j < m. Suppose that F is renormalizable. Let (5i be o RF. 
The recursive formulas of partial derivatives of Ddi inspires to hnd an invariant space under 
renormalization operator. 


3.1. A space of renormalizable maps from recursive formulas of 6. 

renormalizable Henon-like map. Lemma [A. II implies that 


dJl{w) = 



5^0 (o-Qta) 


-h o ijliw) - — 5^((Jox, / ^(dox), 0) 


Let F be the 


dydiiw) = 



■ dycj) (aow) 


d 


o'i/jKw) ■ dy6^ oi/jKw)+ oi/jKw) ■—6^{aoyJ \aoy),0) 


1=1 


1=1 


dzAiw) 


dyd^ o 'ipliw) + ^ o %IjI{w) ■ dj’' o 

1 = 1 
m 

+ ° ■ d,/ o 'ijjl{w) 

1=1 


d^^cj) ^{aow) 


for 1 < j < m and 1 < z < m. Then the common factor of the hrst terms of each partial 
derivatives is the expression in the box. Let us consider the set of renormalizable maps the 
expression of the box. 


Definition 3.1. Let J\f be the set of m -|- 2 dimensional renormalizable Henon-like maps 
satisfying the following equation 

m 

dyd^ o F{w) + dzid^ o F{w) ■ dxd\w) = 0 
1=1 
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where w G U for all 1 < j < m. 

Remark 3.1. This definition is the generalization for three dimensional Henon-like maps in 
[Nam2] . 

Example 3.1. Henon-like maps in the above class M is non empty and non trivial. For 
instance, let us consider the map (5 of F G A/" as follows 

m 

6^{x, y, z) = r]^ o (^Cj^oy +x 

i=l 

where Cj^o = every 1 < j < m. Moreover, max Cj^i] = 0(e) for 

small enough F > 0. We can choose rf^ independent of rj^ for j ^ k. 


/ dj^{w) 

dy6\w) 

dz^S^iw) ■ 

•• dzj\w) \ 

\ dj^(w) 

dy6^(w) 

dz.S'^iw) ■ 



The derivative of 5 is of m x (m -|- 2) matrix form which contains each partial derivatives of 
6^ for 1 < j < m. Thus 


DS(w) = 


Let us introduce the notation to simply expressions 

XH= (dj\w)---dj^(w))^^ 
Y(w)= (dy5\w)---dy5-(w))^^ 

'dz,S\w) ••• d,J\w)' 


(3.1) 


Z(w) = 


,dz,S^(w) ••• dzj^(w), 


where Tr is the transpose of the matrix. Then Dd{w) = {X(w) Y(w) Z(w)). For inhnitely 
renormalizable map F G FB{e), let us express DSk(w) = (Xk(w) Yk(w) Zk(w)). The 
equation in Definition 13.11 can be express as the sum of vectors for 1 < j < m 


o F(m;)\ /dz^5^oF(w) ■■■ dz^5^ o F(w)\ /dj^(w)' 

y^dyS^ o F(w)) \dzj^6^ o F(w) ■■■ o F(w)) \c?a;(5"*(tc)/ 

The above equation is the same as 


= 0 . 


(3.2) YoF(w) + ZoF(w)-X(w) = 0 

Then J\f can be dehned as the set of renormalizable map F satisfying the above equation 
(13.2p where w G 'ipl(B) U 'ipl(B). Let 

q^{y) = 

for 1 < j < m. Let q(|/) = (q^(y), ■ ■ ■ ,q"^(y))- For instance, the value of the derivative of 
S^(y, f~^(y), 0) at aoy is expressed as o (aoy). For the map F G Af, Xi, Yi and Zi are as 
follows 










(3.3) 


Xi(m;) = X o 'ipl{w) - cio {aox) 

Yi{w) = Z o -Y o + Z o ■ Z o • q o (aov) 

= Zo'ijjl{w)- [Y o 'ijjl{w) + Z o 'ijjl{w) ■ qo {aoy)] 

Zi{w) = Z o ipl{w) ■ Z o ^pl{w). 


3.2. Invariance of the space J\f nnder renormalization. Let us show the invariance 
of AA n Xb{s) under renormalization operator. 

Lemma 3.2. Suppose that F E J\f is n times renormalizable. Let Fk he R^F and let 5k he 
TTz o F^ for k = 1,2,... ,n. Then 

Xk{w) = Xk-i o - qk-i o (ak-ix) 

Yk{w) = Zk-i o ■ Yk-i o + Zk-i o ■ Zk-i o 'fy{w) ■ qfc_i o {ak-iy) 

= Zk-i o ■ [Yk-i o + Zk-i o ■ qfc_i o (ak-iy) ] 

Zk{w) = Zk-i o ■ Zk -1 o t/j^{w) 

for k = 1,2,... ,n. 

Proof. See the equation fl3.3l) and use the induction. □ 

Lemma 3.3. Let F he an infinitely renormalizable Henon-like map and let Fk be R'^F for 
each k eN. Then 

f:':oFk = Fk-iof:’^ 

for each k eN. Moreover, 

TlyOlflo Fk=Tlx° 'ifc 

for each k eN. 

Proof. Let us recall that '0^ = Flk-i o Afc_i, = Fk-i o and Fk = o Ff_^ o 

Then 

(3.4) = = Fk-i o [Fk-iof;^^] 

= Fk-l0^p^^ 

for k E N. Take two points w = {x,y,z) and w' = {x',y',z') satisfying the equation 
w = Fk{w'). Since Fk is a Henon-like map, we obtain 

{x, y, z) = F{w') = (fix') - e{w'), Y, d{w')). 

Then 7iy{F{w')) = 7ix{w'). Hence, the equation fl3.4p implies that vr^, o ■0^ o = vTa, o '0^. □ 

Theorem 3.4. The space A/'nXB(e) is invariant under renormalization, that is, if F E 
AfnXBis), then RF E M E\XB{e). 
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Proof. Let tTz o R’^F be dk and Dd{w) = {Xk{w) Yk{w) Zk(w)) for k E N. Suppose that 

Yfc-i o Fk-i{w) + Zk-i o Fk-i{w) ■ Xk-i{w) = 0 
where w G (-®) By induction it suffice to show that 

Yk o Fk{w) + Zfc o Fk{w) ■ Xk{w) = 0 

where w G U Observe that ak-iy = ° ak-ix = tIx ° '4’ci'^)- 

By Lemma 1X51 we have that iix o = '^y ° i’v ° Fk{w) and Fk o = •?/)^ o Fk{w). 

Then 

(3.5) 

Yk o Fk{w) + ZkO Fk{w) ■ Xk{w) 


1 

o 

o 

O Fk 

(w) ■ 

[Yk. 

-1 o 


o Fp 

+ 

1 

o 

O Fk{w) ■ 

qfc- 

-lO-KyOip^O Fk{w) ] 

+ Zk-i 

O^C 

o Fp 

»■ 

Zk- 

-1 o 


Fk{w) ■ [Xk 

-1 - 

qfc- 

.l0'Kx0 1p^^{w)] 

1 

o 

o 

o Fk 

(w) • 

Yk-^ 

o 

o 

Fk{w) 




+ Zk-1 

O^C 

o Fk\ 

»■ 

Zk- 

-1 o 


Fk{w) ■ Xk- 

lO iIjI{w) 



= Zk-iofjl 

o Fk 

(w) • 

[Yk. 

-1 o 


o Fk\ 

[w) + Zk-i o 

iIj’; o Fk{w) • 

Xk. 

-lO fjl{w)] 


= 0 . 

For any point w G Dom(i?^F), we obtain that ^ V'c (-S)O'0^(i?). Then Fk G A/'nJB(F). 

Hence, the space J\f is invariant under renormalization. □ 


4. Universal numbers with dzS and dyS 

4.1. Critical point and the recnrsive formnla of d^S. 

Proposition 4.1. Let F be the Henon-like map in N PXb^E). Let 6k he tTz o Fk for k eN 
and let Xk{w) be the column matrix of {dx^D for 1 < j < m. Then 

n—1 

Xn{w) =XkO ^ q* o (tt,, o 

i=k 

for k < n. Moreover, passing the limit 

n 

XkicpJ = lim Vq* o (7r,,(cFj) 

n^oo f ^ 
i=k 

where cpi is the critical point of Fi for each k < i < n. 

Proof. By Lemma [3.21 we have 
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(4.1) 


Xniw) = Xn-l o - q„_i O (cr„_ix) 

= Xn-l O '0c - Qn-l ° O 0r('«^)) 


n—1 

= XkO q* O (tTx O 

i=k 


for k < n. Since ||^n|| = passing the limit we have the following equation 


72—1 

(4.2) lim Xk o (w) = lim ^ q* o (vr^ o 4^"e(w^))- 

i=k 

By Corollary IB.21 we obtain that 


n—1 

Xk{cF^)= lim Vqi o (tt^ o 4 ^”^(m;)) 

n^oo f ^ 
i=k 

n—1 

= lim y^qi o (7r^(ci;’J). 

n—)-oo ' ^ 

i=k 

□ 


Remark 4.1. Putting the critical point cp^ at the equation fl4.ip . we obtain that 

n—1 

(4-3) Xk{cF^) = q* O (7rx(cFj) + Xn{cFn) 

i=k 


4.2. Universal numbers &z with the asymptotic of Z{w). 

Proposition 4.2. Let F be the Henon-like diffeomorphism in M PiXB^s)- Let vr^ o be 6k 
for fc G N and m x m matrix, Zk{w) be dziSl{w) for I < i, j < m. Suppose that det Z{w) is 
non zero for all w G Then 

\detZniw)\ = bT{l + 0{p^)) 

where b^ is a universal positive number for each n G N and for some 0 < p < 1. 


Proof. For the map G A/'nXB(£), Dehnition 13.11 implies that 


A 

dzi 


1=1 


oijjf{w) ■ dz,5: 


Zi ^n—1 


o'iff{w) 


d 

for n G N. Since 6f{w) is the {j,i) element of the matrix Zn{w), it is the product of 


the row of Zn-i o 'ipf{w) and 0^ column of Zn-i o Then the equation (13.dh is 

generalized with n G N with inductive calculation 
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(4.4) 



n z»«'wW 




where w is a word in which is the set of Cartesian product of the letters {n, c}"'. Let us 
take the logarithmic average of | det Zn{w)\ as follows 


1 


log det Zniw) 



wG W" 


By the continuity of the determinant of matrix and the compactness of the domain, we may 
assume that det Z^iw) has its positive lower bound or negative upper bound. The the limit 
ln{w) exists as n —)> n on the critical Cantor set Op where fi is the unique ergodic probability 
measure on Op. The uniqueness of fi implies that the limit is a constant function. Let this 
constant be log^z for some b^, > 0, that is, 



(4.5) 


log det Z(w)\ d/i = logfez. 


Since diam(T”(i?)) < e'er” for all w G IT” and for some C > 0, the in fl4.5p converges 
exponentially fast. In other words. 



for some 0 < po < 1- Take the constant p = po/2. Then 

log I det Zn{w) I = 2” log^z + 0(p") 


= 2”log6z + log(l + 0(p”)) 

= logC(l + 0(p”)). 


Hence, 

(4.6) 

The proof is complete. 


detZ^Hl =6f(l + 0(p”)). 


□ 


Lemma 4.3. Let F he the Henon-like diffeomorphism in J\fr\XB{s). Let Ddn be {Xn Z^). 


Then 


n—1 



i=k 
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for each n G M. Moreover, 


n—1 

• i^kO^l^iw)) +^qi O (TTy o^"^(m;)) 
i=k 

converges to 0 exponentially fast as n ^ oo. In particular, each coordinate of above expres¬ 
sion is less than for some C* > 0 independent of k. 

Proof. Lemma [3.21 implies 

Yn{w) = Zn -1 o i>f{w) ■ y„_i O + Zn -1 o i>^{w) ■ Zn -1 o ■ q„_i o (a„_i|/) 

(4.7) = Zn-i o ■ Yn -1 O '0”(w) + ZnO ■ q„_i o (TTy O ] 

Zn{w) = Zn-1 o ■ Zn-1 o 

for n G N. Thus by the inductive calculation, Yn{w) as follows 

Yn{w) 

= Zn-l O fjfiw) ■ Yn-l O 'Ipliw) + Z^O ■ q„_i o {jly O ' 0 ”(w)) 

= Zn-l o ■ [Zn -2 O ° O(^) ' ^n -2 O (C“^ ° O(w^) 

+ Zn-I o ■ q„_2 o {iTy o o'il)f;{w))]+ ZnO 'ip'fi'w) • q„,_i o {ny o 

= Zn-l o ■ Zn-2 O ° O(w^) ' ^n-2 O (C"^ ° O(w^) 

+ Zniw) ■ [q„_2 o {jiy o o ?/;”(u;)) + q„_i o (tt^ o ] 


= Zn-l O V'c (w^) • Zn-2 O {fjc ^ ° O(w^) ' ' ' Zk O O o • • • O <(«;)) 

n—1 

• ° ^ qi o (TTy o 

i=k 

n—1 

{*) = Zn{w) ■ {Zk O ■ Yfc O + Zr,{w) • ^ qi O (tTj, o T"^(m;)) 

i=k 

n—1 

= Zn{w) ■\{ZkO ■ Yk O ^ q* o (tTj, o T”^(m;)) 


i=k 


for k < n. The second equation in fl4.7p implies (*) in the above equation. Recall the 
equation fl4.ip 


n—1 


O ° ° + Xn{w) 


i=k 


Thus the expression 


n—1 


n—1 


^ qi O (tt^ o ^ q^ o {an,i 


X) 


i=k 


i=k 
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converges to the value Xk{cF^) exponentially fast as n —)■ oo where (Jn,i = Un ■ o'n-i ■ Thus 
the expression 

n—1 n—1 

^ qi o {Fy o ^ qi o {an,iy) 

i=k i=k 

also converges to a single value exponentially fast as n —?■ oo. Moreover, since 

contains r* for all i < n, we have the following equation 

n—1 n—1 

lim Vq* o {TTy o = lini Vq* o {Tryin)). 

n — f ^ ’ T7— ^ 


i=k 


i=k 


Recall that if F G then Fj^cpj) = Tj for j G N. By the equation (14.3^ . we obtain that 


n—1 


lim 

n—>-oo 


(Z, o . n o 4.” q, o o <!.”.(«,)) 

i=k 

n—1 

= (ZkiTk))~ ■ Yk{Tk) + lim y^q* o {'Ky{Ti)) 

n—¥oo 

i=k 

n—1 

= {Zk{rk))~ ■ Yk{Tk) + lim q^ o (7r„(cFj) 

i=k 

= {Zk{Tk)) ^ ■ Yk{Tk) + Xfc(cFj - lim XnicpJ 

n—>-oo 

= 0 

for k < n. Since diam ^(R)) < Ca"‘~^, the convergence of above equation is exponen¬ 
tially fast. □ 

Corollary 4.4. Let F G ACn Jb(£). For o R^F = dk, let DSk be {Xk{w) Yk{w) Zk{w)). 
Then 

n—1 


Zk o + Zk° ^fc,v(^) • q* ° (TTy o 


i=k 


< cr a 


■2'= ^n-k 


for some C > 0. 
Proof. 


n—1 


Zk o T” ^(w) + ZkO ^ qi o (vTy o 

i=k 

n—1 

= Zko ■ {Zk o 4^" • Yfc o + ^q* o (TTy o 

By Lemma [4.31 we have 

{Zk o • Yfc o ^ q^ o (tt^, o < Cocr 


i=k 


n—1 


i=k 


n—k 
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and II Zk\\ < Cl . 


□ 


4.3. Universal number bi and dyS. The universal number bz is defined as the asymptotic 
number of det Z{w). Universality of Jacobian determinant implies that the average Jacobian 
b is the universal number of JacF. Let us define another number bi as the ratio bi = b/bz. 
Then it is shown that bi is the universal number for dyS below. 

Let M be a block matrix 

where A and D are square matrices. Assume that the square matrix D is invertible. The 
equation 

(A B\ ( I 0\ _ [A- BD-^C B\ 

\C Dj \D-^C ij ~ \ 0 d) 

Then det M = det (A — BD~^C) ■ det(iJ). Applying this, we have that 

= det ( dySn - En ■ {Zn)-^ • U, ) • det 
= [ dySn - En ■ {Zn)~^ ' Ui ] • det 

where [dySniw) dz^en{w) dz 2 £n{w) ■ ■ ■ dz^£n{w)) is En{w) for n eN. Thus det Zn{w) is 
not zero for all w E B. Universality of Jacobian and Proposition 14.21 implies that 

JacF„(t(;) = 6^"a(x)(l + 0{p^)) 
detZr,{w) = bTil + 0{p^)) 

where b is the average Jacobian and bz is a positive number for some 0 < p < 1. Let 
bi = b/bz- Then by Lemma [4.31 we obtain that 

da.cEk{w)= b‘^ a{x){\ + 0{p^)) 

= [dySkiw] - Ek{w) ■ {Zk{w))~^ ■ Yk{w) ] ■ bl\l + 0{p^)) 


Thus 

(4.9) dySkiw) - Ekiw) ■ {Zkiw))~^ -Ykiw) = bf a{x) {I + 0{p^)) 
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Lemma 4.5. Let F E Af H Tb{s) and Fk he R^F for k eN. Then 


n—1 


o (tijwy) + Et o ■^q,o (x,»(>!>"„(«.)) < c„bt + c, 


i=k 


where w E B{R^F) for some positive Cq and Cy. Moreover, if n satisfies that a” ^ x 
then 


n—1 


dyeko{^k,^{w)) + Eko{^l^{w))-J2^i°i'^y°i'^l^H) - 


i=k 


Proof. The equation fl4.9l) implies that 
(4.10) 

bfa{7r^oi^l^iw)){l + 0{p’^)) 

= dySk o (vl/^,.(u;)) - Ek o mA^)) • {Zk o ■ n o (vl/^, Ju;)) 

n—1 

= dySk o -EkO q* ° (tTj; o (^"v(w^)) + {Zn{w))-^ ■ Yn{w) 


i=k 


n—1 


= dySk o (4'fc,v(w^)) + EkO (T” ^(w)) ■ ^ Qi O (vTy O 

i=k 

- E, o (>KJ„(ie)) ■ (Z„(w))-‘ ■ y„(w) 

Lemma [4.31 implies that 

\\Ek o (T-,(u;)) • • F.(u;)|| < ||E. o (T" ,(u;))|| ■ || {Z^{w)r^ ■ Y^w 


-2'= n-k 


< Cyr a 


for some C > 0 independent of k. Hence, 


n—1 


° (SlvW) + Et O (»J,,(.«)) . ^q, o o ($",(.«)) < C„b] + CiE^ a”-‘ 


i=k 


where w E B{K^F) for some positive Cq and Cy. If Y‘ 
some C > 0. 


h\ then a" ^ < Ch\ for 

□ 


5. Recursive formula of 


Proposition 5.1. Let F E Xb{s). Fk and F^ denote and renormalized map of F 
respectively. The derivative of the non-linear conjugation at the tip, between 
and Fn is called D]t, which is as follows 


El 


(^n, k ^n, k l^r, 


^n, k 

^n, k dn, k 
16 


^n, k ^n, k 


^n, k ‘ J-d-mxm 












where Id^xm is the mxm identity matrix, an,k and an,k are linear scaling factors such that 
(Jn,k = + 0{p'^)) and an,k = + 0(p^)). Then 

n—1 n—1 

d„,fc = Un,k = Uj+1,» (1 + 0{p^)) 

i=k i=k 

n—1 

tn,k = CT* ^ [ti+ip + Uj+i_ j • j+i] (1 + 0(p^)) 

i=k 
n—1 

^n, k k ‘ k ^ ^ ^ \_ ^2+1, i U?+l, i ‘ d^-j-i^ /ijj (1 0(^p )) 

i=k 

i —1 

where + 0(p^)) = TT . Moreover, d„ k, Un k and k are convergent as n ^ oo 

super exponentially fast. 

Proof. = D]f ■ Dl^ for any m between k and n because the image of the tip under 
is the tip of level. By the direct calculation, 


T^m _ nn 


k 

Clm, k m ^n, m H“ ^n, k ^m, k H“ ^n, k k ' d^^, m 

k^n, m ^n, m H“ k U-m, k 

V 


^n, k 

^n, k d-HT,^ k “1“ k dyi, m 

a^n,k ■ Id^xm J 


Then 

^n, k tn, k k O^n, m ^n, m T ^'n, k tm, k T ^'n, k ^m, k ' dy^^ m 

q"n, k Un, k Q^m, k (^n, m m T (^n, k Um, k 

q"n, k dn, k q"n, k ^m, k T q"n, k d^^ rn 


for any m between k and n. Recall that an,k = o'n.m ■ (^m,k and = an,m • Let m 

be A; + 1. Then 


dn, k 


dfijfc+i T dfc_|_i^fc 

dn,fc+2 + dfc+2,fc+l + dfc+i^fc 


(5.1) 


— ^n,n-l + • ■ • + dfc+2,fc+l + dfc+i^fc 
n—1 

= ^ dj+i_ j. 
i=k 


Moreover, the absolute value each term is super exponentially small. More precisely, each 
term is bounded by for each i, that is, || dj+i^j|| x || qj(7rj^(rj+i))|| < ||hl5j|| = 0(£^'). 
Then ^ converges to the number, say d-^ ^ super exponentially fast for each 1 < j < m. 
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Let us see the recursive formula of u< 


(5.2) 


n, k 

_ 0'k+l,k 

^n,k Un,A;+l “T Uk+l,k 

<^k+l,k 

O'k+l^k 

0'k+l,k 


«fc+2,fc+l 

0'k+2,k+l 


Un,A;+2 + Ufc+2,fc+l 


Ufc+l.fc 


n—1 i—1 

= 'Y] TT Ufc+i,fc 

O’l+l i 
i=k-\-l j=k ^ 

n—1 

i=k 


Moreover, ^ x dz^ei^TPi+i) for each 1 < j < m. Then ^ converges to the number, say 
u-^ for each j = 1, 2,..., m super exponentially fast by the similar reason for Let us 
see the recursive formula of tn,k 


(5.3) 


tn, k 


tn,k+l T tk-\-l^k T • d^^ ^_|_i 


0'k+l,k 
Oik+l,k 0'k+2,k+l 
(^k+l,k _ (^k+2,k+l 


tn,k+2 + tk+2,k+l + Ufc+ 2 , fc +1 ' d„_fc _|_2 


+ tk+l,k + • dn^k+1 


n—1 i—1 


= En 

i=k-\-l j=k 


j 


ti+l, i T ^fc+1, k 


n—1 i—1 

En^ 

i=k-\-l j=k ^ 


U 


2 + 1 , 2 


i * d^^2+l “1“ ^k-\-l,k * d. 


n, fc+1 


n—1 

= ^ j • d,^^ ] (1 + 0(p^)). 

i=k 


By the equations fIS.ip . 05.21) and 05.3p . we obtain the recursive formula of tn,k — Un,k ■ d.n,k 
as follows 


in. k k * d 


^n, k ^n, k * ^n, k 
n—1 i—1 


En^ [ ^2+1, 2 “t~ ^2+1, 2 ' 2+1 ] H“ tk-\-l, k l^fc + l, k ‘ d^i,^ fc+l 


i=k+l j=k 


n—1 i—1 

En 




i=k+l j=k t+lii 


Uj+l,i + Ufc_|_i_fc 


■ d 


n, k 


n—1 i—1 


^ ^ 1 T ' ['^2+1,2 “1“ ^2+1,2 ' d^i, 2+1 1^2+1 2 ‘ d^j 1 

i=k-\-l j=k ^ 

“1“ ^fc+1, fc “1“ ^/c+l,/c ' ^n,k-\-l ^k-\-l,k * ^n,k 
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n—1 2—1 


i=k-\-l j=k 
n—1 




(T* ^ [2i+i,i — Uj_|_i^ j • dj_|_i^ ] (1 + 0(p^)). 


i=k 


Recall the expression of the derivative of the coordinate change map at the tip on each level 


(D 


k+l\-l 


Vfc) 


-1 


{(^k) 


-1 


'1 -4 + Ufc-dfc - 

1 

d/^ Id^ 


Ufc 


i^k) ^ IdjT^xm > 

Since Hk{w) = {fk{x) - ek{w), y,z- dk{y, fk^{y), 0)), we see that dy£fc(rirj x -4 + u^. ■ d^ 


for every k eN. Moreover, the fact that — Uj+i_ j • dj+i^j x dySi^TFi+i) and | Uj+i^ j • d^^ j| 
is super exponentially small for each i < n implies that tn, k converges to a number, say t*, k 
super exponentially fast. 

□ 


Recall the expression of the map from B{K^F) to ^{R^F) 

/I tn,k U„,fc\ fan,k \ / X + S^{W)\ 

mw) = 1 ^n,k y 

\ d„,fc 1 / \ <Xn^k'^dmxmJ \Z + Tln,k{y)J 

where v = v"'~^ G 

Proposition 5.2. Let F G Ib{£) and d/^ be the map from B{R'^F) to B^R^F) as the 
conjugation between {R^FY"" and R^F. Let Iln,k{y) be the non linear part of tTz o d^^ 
depending on the seeond variable y. Then both R„^fc(|/) and (R„^fc)'(|/) converges to zero 
exponentially fast as n ^ 00 . In particular, 

||Rn,fc|| <C'c^"-^ ||(R„,fc)'|| 

for some C > 0. 

Proof. Let w = {x,y,z) be the point in B{R^F) and let d^^_^(t<;) be w' = {x',y',z'). Recall 
d^fc = d^n_i o d^fc"^ Thus 

z' = TTzO ^n-l {w) = (Jn,n-l[<din,n-iy + '2‘ + Rn, n-1 (l/) ] 

y' = 7iyO = an,n -1 y- 

Then by the similar calculation and the composition of d/^“^ and d/”_^, we obtain the 
recursive formula of tIz ° as follows 


19 



7r;,0^^(t<;) =an,k [dn,ky + 'Z + Kn,k{y)] 

= TT^O = an-l,k[ dn-1, fc |/' + z' + R„_i, fc (?/') ] 

(5.4) 

1, k [ k ^n, n—1 2/ 4“ ^n, n—1 [ «,—12/ 4“ Z -|- n—liv) ] 4“ I^n—1, k (*^n, n—1 2/) ] 

(^n,k (dn—1, k 4“ d^ Yi—l)y 4“ (^rijk'^ 4“ CTn^k Rn,n—1 (2/) 4“ C^n—1, k Rn—1, kij^n, n—1 2/)• 


By Proposition 15.11 d„ ^ = d„_i ^ 4- d„ „_i. Let us compare the left side of fl5.4l) with the 
right side of it. Recall the equation an,k = o'n.n-i • crn-i,fc- Then 

(5.5) Rn,fc(2/) I^n,n—1(2/) 4“ Rn—1, A:(^n, n—1 2/) • 

^n, n—1 

The map R„,fc(i/) has the expression of each coordinate maps, that is, 

Rn,fc(2/) = (^n,fc(2/), ^n,fc(2/), •••, Rn^V)) 

ioi k < n and for 1 < j < m. Each ^{y) is the sum of second and higher order terms of 
T^zj o 4/^ for /c < 77,. Thus 


(5.6) 


Rn,kiy) = 


n,ky^ + KAy) - 


Moreover, ||R{„_i|| = 0(6^" ^) because R{„_^(i/) is the second and higher order terms 
of the map o 5n-i{(Tn,n-iy, fAiAn,n-iy)-, 0). The equation (15. 5 h is applies to each 
coordinate maps. Then 


K,k{y) = - - ^n-l,fc(^n,n-l2/) +<fc2/^ + 0(£^" 2/^) 


^n, n—1 


where ^ = 0(£^" ^). The recursive formula for ^ and A k follows 


KAy) = 


^n, n—1 


i-l,k ' An,n-iy) ^n-l,kAn,n-iy) ' An,n-iy) j 0{e y ) 


Then + Ak and \\KJ\ < Ikn.n-ilHl + 0(£^" '). Hence, for 

each hxed k < n, ^ 0 and ^ 0 exponentially fast as n —)> oo. ^(i/) converges 

to zero as n —)■ oo exponentially fast. 

Let us estimate || (H^ ^)'|| in order to measure how fast (R^ kYA convergent. By the 
similar method of the recursive formula of ^(2/)) we have the expression and recursive 
formula of (R^ kYA as follows 


(RiJA = ^<ky + ^KAy) • y" + ^KA'A ■ y^ 

{R^kYiy) = (^n,n-l)'(2/) +^Ll,fc(t^n,n-l2/) 

= K-iA^n,n-iy) + ‘^Aky + oA"~\‘^). 
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Then 


iK,k)\y) = ‘^al-l,k^n,n-iy + ^K-l,ki^n,n-iy) ' K,n-ll/)^ 

+ {K,k)\(^n,n-iy) ■ K,n-l2/)^ + 24 fc|/ + 0(£^"'V^)- 
Let us compare quadratic and higher order terms of (i?^ k)\y) 

^ K,ki.y) ■ y"^ + i.K,k)\y) ■ y^ = ^K-lA^n,n-iy) ■ {.(Tn,n-iyf 

+ i^ii,kyi^n,n-l y) ■ (o'n,n-l V)^ + 0{e‘^ |/^). 


Thus 


iK,k)\y) y = {K,k)\<^n,n-iy) ■ (yl,n-iy- ^K,kiy) + ^K-l,ki(^n,n-iy) ■ crln-l 
+ 0(£'""). 


Then 


IIK,.)1I < IIK-1,.)'II • \Wn,n-ir + nAiJ+3\\Ai_,J ■ + 

< II (^n-l,fc) 1 l ■ II (^n,n-l\y + C'H (^n,n-l\y 


for some C > 0. Then ^ 0 as n —?■ oo exponentially fast. Then so does (i?^ kYiy) 

exponentially fast for all 1 < j < m. Furthermore, since |a^ ^|, ||y4^ ;i,|| and || (^^ ;j)'|| are 
bounded above by C for some C > 0 and for every 1 < j < m, so does the norm of 
R„,fc and (R„,fc)', that is, 

||Rn,fc|| <Ca"-^ ||(Rn,fc)'|| 

□ 


Let and w‘^ be two points in B[R^F) and = {x^, y\ z^) for j = 1,2 for the next 
Proposition. Let = tc- for z G N and j = 1,2. In particular, let = {x^, y\ z^) 

be for j = 1, 2. 

Proposition 5.3. Let F Then 

n—1 

= TTz o - TTz o = an,k ■ (z^ - z^) + an,k^<iii(^n,iy) ■ (y^ - y‘^) 

i=k 

where y is in the line segment between yi and z/ 2 . Moreover, 

n—1 

o (cT„,i^) • [y^ -y"^) = ■ (z/^ - z/^) + Rn,fc(z/^) -R,,,fc(z/^). 

i=k 

Proof. Firstly, let us express 7rzOvl>^(zz;). Let Pi(z/) be <5j(z/, /”^(z/), 0) in order to simplify the 
expression. Recall the definition of qi(z/), namely, ^ Pi(z/) = qj(2/)- L^t T”.^,(zz;) = Wi for k < 
z < n-1 and let Wi = (x*, z/i, Zj)3 Let w = Wn- Recall = cTj Zi+i + pi(cri z/j+i). 

Since o we estimate z^ using recursive formula 

^For notational compatibility, let= id and let (Ji^ i = 1 for every z G N. 
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(5.7) 

Zfc = TT^ O ^l{w) =71^0 Tp^-^^^Wk+l) 

CT^ ■ Z^_|_]^ -|- Pfc(o'^ • |//j_|_]^) 

= (^k [cTfc+l ■ Zfc +2 + Pfc+l(afc+i • l/fc+ 2 ) ] + Pfc(c’‘fc • Uk+l) 
= CTfoC^fc+l ■ Zfc +2 + (Tk ■ Pfc+l(0'fc+l • l/fc+ 2 ) + Pfc(0'fc • Uk+l) 


^k^k+1 ■ ■ ■ ^n—1 ' ^ [ ^fc^fc+1 ■ ■ ■ (^n—2 ' Pn—l(c^n—1 ' I/) 

+ CTfcO'fc+l • ■ ■ O'n-S ■ Pn-2(0'n-2 ‘ Vn-l) + ' ' ' + Pfc(c’‘fc ' l/fc+l) ] 

^n,k ' Z “1“ (Jn—\^k ' Pn—l(^n—1 ' 2/) “1“ ^n—2,k ' P n—2i,^n—2 ' Vn—l) “1“ ' ' ' “1“ Pfc(^fc ' Vk+l) 

n—1 

^72, /c ' 2 “h ^ ^ ^2, /c * P ^ (^2 * 2 / 2 + 1 ) 

i=k 

where Moreover, Hi o Ai{w) = aiy, •) for each /c < z < n — 1. 

Thus 


^ n,i ' y ' 2/2+1 2/2 


Secondly, let us estimate z^ — z'^ = TrzO'^^{w^) — Tr 2 ,o'^^{w‘^) where + G B{R^F) for j = 1, 2. 
By the equation 05.71) and Mean Value Theorem, we obtain that 


z^ — z^ = TTz O — tTz o 


(5.8) 


n—1 

= an,fc ■ (z^ - z^) + • [pi(ai-++i)-pi((Ti-2/,^+i)] 

i=k 
n—1 

= an,k ■ (z^ - z^) + ^cri,fc • [Pi(crn,i ' V^) “ Pi(o-ny ' +) ] 
i=k 


n—1 

= an,k- (z^ - Z^) + ^ ai^k ■ q* O {(Tn,i ■ y) ■ (^n,i+l ' {V^ “ +) 
i=k 

n—1 

= an,k ■ (z^ - z?) + (Jn.fc o ' 2/) ' {v^ - +) 

i=k 

where y is in the line segment between and y'^ which is contained in nyoB{R"'F). Moreover, 
by the expression of 


7l^0^l{w) = an,k[dn,ky + Z + Rn,k{y)]- 


Then 

z^ — z^ = TTz O T^(m;^) — tTz o T^(m;^) 

= (^n,k [+,fc ( 2 /^ - +) + (Zl - Z2) + Rn,k{y^) - H-n,fc(+) ] 

^n,fc'(z z)TO’^;j-|^ /j ( 2 / 2/ ) T R.j 2 ^ ( 2 / ) R-n, k {y ) ] • 
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(5.9) 




Compare equations flS.Sp and fl5.9p . Then 


n—1 


o (o-n,i • y) • {y^ - y'^) = dn,^ (i/^ - y'^) + ^n,k{y^) - ^n,k{y‘^) 


i=k 


for k < n. The proof is complete. 


□ 


Corollary 5.4. Let F E Xb{s). Then 


n—1 


^ qi o {iiy o = dn,k + (Rn,fc)'(2/) 


i=k 


for every w E B{K^F) and for eaeh k < n. Moreover, 


n—1 


lim ° ° = d*, 

n —^ ’ 


^n, k “1“ 


^^n^kijj ) R-n,/c(Z/ 


i=k 

The convergence is exponentially fast. 

Proof. Let us compare the equation fl5.8p and fl5.9l) 

(5.10) 

n—1 

^ ^ r*Z/) /;;*[ k ijj 1/ ) Rn, k ijj ) Rn, k (|/ ) ] 

i=k 

(5.11) 

E" ’ Pi (ff.i,i ■ s') - Pi(ff.i,i ■ !/^) 

^2, k ’ 19 ^^5 ^ 

t. y - y 

i=k 

Since both and are arbitrary, we may choose two points y and y + h instead of y^ and 
y"^. The differentiability of both pj and R„,fc enable us to take the limit of fIS.lip as h —)■ 0. 
Then 

n—1 

^n,k * ^ ^ ^ (^n,2 * 2/) ^n^k * d^^ -|- (Rn, /c) (l/) ] 

i=k 

for every y G 7iy{B{R^F)). Moreover, dn,/c ^ d^^^ as n ^ oo super exponentially fast by 
Proposition 15.11 and (Rn,/c)' converges to zero exponentially fast by Proposition 15.2[ Hence, 

n—1 

lim o (tt^ o = lim [dn,/, + (Rn,/c)'(2/) ] 

T).— f ^ ’ r).—^CiTi ^ 


yl _ y2 


i=k 


n—)-oo 


□ 


Let us collect the estimations of numbers and functions which are used in the following 
sections. 


(1) \tk+i,k\, ||ufc+i,fc|| and ||dfc+i,fc|| are 0{e‘^’'). 
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(2) 

II k 1 

and 

II dn, fell are 


( 3 ) 

^n, k ~ 

= i-F 

)" ^(1 + 0 {p^)) and an,k = ^^(1 + 0 {p^)) ioi k < n and for some 


0 

A 

< 1. 



( 4 ) 

II R-fc + l 

-,fcll is 

0(52'=). 


( 5 ) 

II R-n, k 

1 and 

ll(Rn,fc)1| 

are 0 (cr" by Proposition | 5 . 2 l 


6. Unbounded geometry on the Cantor set 

The unbounded geometry of a certain class of m + 2 dimensional Henon-like maps would be 
proved. The notations in this section is used in [HLM] and adapted in m + 2 dimensional 
maps. Recall the pieces = B^{F) = T” (R) on the level or generation . The 
word, w = {wi... Wn) G := {n, c}” has length n. Recall that the map 

n—1 

w = (wi... ^ Wk+i2^ 

k={) 

is the one to one correspondence between words of length n and the additive group of numbers 
with base 2 mod 2"'. Let the subset of the critical Cantor set on each pieces be = B'^nO. 
Then by the dehnition of we have the following fact. 

( 1 ) 

Of= U 

(2) F{B^) C every w = (tci... Wn) e IT"'. 

(3) diam(i?") < Ca" for some C > 0 depending only on B and e. 

Let the minimal distance between two boxes Bi, B 2 be the inhmum of the distance between 
all elements of each boxes and express this distance to be distmin(i?i, i? 2 )- 


Definition 6.1. The map F G 1-b{.£) has the bounded geometry if 

distmin(5w«^ X diam(R"+^) for u e {n, c} 

diam(i?") x diam(i?"'^^) for u G {n, c} 


for all w G IT" and for all n > 0. 


If F does not have bounded geometry, then we call Op has unbounded geometry. 
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6.1. Horizontal overlap of two adjacent boxes. The proof of unbounded geometry 
of the Cantor set requires to compare the diameter of box and the minimal distance of two 
adjacent boxes. In order to compare these quantities, we would use the maps, and 

Fkiw) with the two points Wi = (xi,|/i,zi) and W 2 = (x 2 , 1 / 2 , 22 ) in Fn{B). Recall that 
Zj = (zj, ..., zj^) for j = 1, 2. Let us each successive image of Wj under and F^iw) 

be Wj, Wj and Wj for j = 1, 2. 

Fk 'I'o ... 

Wj I-^ Wj I-^ Wj I-s- Wj 

For example, Wj = "^"^{wj) and Wj = {xj,yj,Zj) for j = 1,2. Let Si and S 2 be the (path) 

connected set on If 7r3;(-S'i) n7ra;(S'2) contains at least two points, then this intersection 

is called the x—axis overlap or horizontal overlap of Si and S 2 - Moreover, we say Si overlaps 
S 2 on the x—axis or horizontally. Recall a is the linear scaling of F*, the fixed point of the 
renormalization operator and ak = cr(l + 0{p^)) for each /c G N. 

Recall the map from B{RJ^F) to Bl^{R’^F) where v = v‘^~^ G 

/I tn,k \ /an,k \ fx + S]i{w)\ 

=1 y 

V ^n,k Idmxm/ \ (^n,k ' ^^my.m) \Z + R„ fc(|/)y 


where an,k = FC){p^)) and an,k = (— cr)” ^(1 + 0{p^)). Thus for any w G B{R^F) 

we have the following equation 

TT^, O Tfc(u;) = an,k{x + ^'^(m;)) + (Tn,k{tn,ky + U„,fc ■ (z + R„,,fc(|/))). 

Let us hnd the sufficient condition of the horizontal overlapping. Horizontal overlapping 
means that there exist two points wi G Bl (K^F) and W 2 G B^ (K^F) satisfying the equation 

71^ O Tfc(M;i) -Tix° '^ki'^ 2 ) = 0. 

Equivalently, 


( 6 , 1 ) 


k 


(xi + Rfc(^l)) - {^2 + (m^2)) 


k tji, k ( 1/1 1 / 2 ) T 11,2^ k ' {'^1 22 


T Rn,fc(|/l) Rn,fc(|/2)j‘ 


= 0 . 


Recall that x + SJt{w) = n*(x) + 0(6^*' + p"'“^) for some 0 < p < 1. Since the universal 
map n*(x) is a diffeomorphism and \xi — X 2 I = 0(1), we have the estimation by mean value 
theorem 

|xi + 5"(«^i)-(x2 + 5"(«^2))|=0(1). 

Recall that r* is the tip of Fj for i G N. 


Proposition 6.1. Let F G A/'nXB(e). Let hi = b/bz where b is the average Jacobian of F 
and bz is the universal number defined in Proposition ff.Jl Then 

^n, k 


for n > k + A where A is a uniform constant depending only on hi and e. 
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Proof. Plugging into the equation fl4.10p in Lemma [4.51 Then 

( 6 . 2 ) 

n—1 

dySk^Tk) + Ek{Tk) • X] q* o {T^yip)) - Ek{Tk) ■ {Zn(Tn))~^ ' = bf a{7l^{Tk)){1 + 0(p^)) 

i=k 

where x ^ a{x) is the universal map. Recall that ° Since E E M, we have 


(Z„(r„))"^ • Rn(r„) + Xn{cF^) = {Zn{Tn))~^ ' Yni^Tn) + ^n(rn) ' ^n(cF„) 

= 0 

Thus \\Ek{Tk)\\ ■ \\{Zn{Tn))~^ ' Yn{Tn)\\ < \\Ek{Tk)\\ ' ||Xn(cF„)|| = 0{e^^e‘^"). Let US hnd the 

sufficient condition satisfying . If bi > then < bf" for n > k. Assume 

that bi < e‘^ 1. Thus 

<bf ^ (2"+ 2^) log £ < 2Mog6i 
/ log bi 


2” > 2' 

for some positive Co > 0. Dehne A as follows 

0 

(6-3) A=\ fhgbi 


V log^ 


1 + Co 


where bi > 
where bi < 


Thus \i n > k + A, then < b'^. Let us compare each components of the derivatives of 

D{^l'^^)~^{Tk) and = D{Ak o Hk){Tk). Then comparison of each elements of the 

matrices shows that 


(6.4) 


tk+l,k Ufc+1,A: ■ /j 

UA:+1,A: = 


Oik+l,k 

0'k+l,k 

Ofc+l,fc 

<^k+l,k 


dySkij'k') 

Cfc(rfc), di+i,i = q* o (7rj^(ri)). 


n—1 

The equation, d„ ^+1 = dj+i_j holds by Proposition 15.11 Then 

i=k-\-l 

^k-\-l^k “1“ ^k-\-l,k * tk-\-l,k ^A:+1,A: ' “h ^k-\-l,k * k 


n—1 


( 6 . 5 ) 


^fc+1, k ^fc+l, k ' Ufc-i-l, k ^ ^ ' 

i=k 

n—1 

<yk+i,k IEk{Tk) ■ X] q* o {Tiyip)) 


0'k+l,k 
^2'= 


i=k 


= bi ■ a ■ a{Tr^{Tk)){l + 0{pA). 
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Hence, by Proposition 15.11 again. tn,k is as follows 

n—1 

tn,k ^ CT* ^ + Uj+i_ j • d.n^i +1 ] (1 + 0{p^)) 

i=k 



□ 


Let us choose two points w[ and in Fn{B). In particular, we may assume that Wj G Orup 
where nz{wj) = Zj for j = 1,2. Let w[ and be the pre-image of Wi and W 2 respectively. 
Then 

(6.6) \zl -zi\ = \ 5i{w[) - 5i{w'^)\ < Cj\\D5i\\ ■ Hi - mi = 0(H) 

for some Cj > 0 and for 1 < j < m. Thus || zi — Z 2 II = 0(H). 

Corollary 6.2. Let F G M DXBis). Suppose that \l/^(i?H^) overlaps \l/^(i?H^) on x—axis. 
In particular, o \h^(i?”+^) riTTa, o T^(i?”+^) contains two points \h^(t(;i) and \h^(t(;2) where 
Wi G hi Ortif and W 2 G h ORnp- Then 

n-k ^ ipl 

a X 0 | 

for every big enough k. 

Proof. Recall the following equation 

TTa: O ^l{w) = an, k[x + {w) ] + (Tn,k[tn,ky + Un,fc ' (z R„,,fc(|/))]. 

Recall X -|- S]^{w) = v^,{x) + 0{e^’" + p"“^) where v^,{x) is a diffeomorphism and 

I n*(xi) - ^*( 2 ^ 2 )I = I ni(^) • {xi - X 2 )| > Oo > 0 

where x is in the line segment between xi and X2. Thus 
Xi-X2= an,k[{xi + S'f{wi)) - (X2 + S'fc(M;2))] 

T O'n, k [ tn, k (jjl 1 / 2 ) T • ^Zi Z 2 -|- R-n^ k (jjl) Rn, k (I/2) } ] 

= an,k[vl{x) ■ {xi -X2) -hO(H + p''~^)] 

+ (Tn,k[tn,k{yi - 2/2) + Un,k ' {zi - Z2 + (R„,fc)'(?/) ' (//l “ ?/ 2 )}]- 


Then by Proposition 16.11 and the estimations in the end of Section [5l we obtain that 


\Xi- X2\ = 


(6.7) 


Oga^O-h + [C^hf + OsHiH + ] 

^2(n-fc) ^ ^^^2'=+! ] ^ ^ ^^^H ] 

< Cs Oe H-^ [ + HH ] 
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for some constants C 3 , C 4 , and C 5 , which do not have to be positive. Let us take big enough 
n which satishes n > k + A where A is the constant defined in Proposition 16.1[ Then 
^1 ^ is satisfied. However, by the horizontal overlapping assumption xi — X 2 = 0 for 

some two points xi and X 2 - Hence, 

^ 2 {n-k) _ 

□ 


6.2. Unbounded geometry on the critical Cantor set. Let us assume that the x—axis 
overlapping of two boxes, and Under this assumption, we can 

measure the upper bound the minimal distances of two adjacent boxes distmin(i?”^, ), 
which are the image of 5”+^ and under ^ o o ^ respectively. Compare this 

minimal distance with the lower bound of the diameter of the one of the above boxes. Then 
Cantor attractor has the generic unbounded geometry. Moreover, this result is only related 
to the universal constant bi fTheorem 16.7p . 


Lemma 6.3. Let the Henon-like map F is in Af nZsie). Suppose that B't^^{R^F) overlaps 
B^J^R^F) on the x—axis where the word v = g Then 

f 1L?Ti jDn \ ^ [ ^2k^n—kr2^ 1 _2/c _2(n—/c) ;:r2^ 1 

where w = G lU” for some C > 0 and sufficiently big k and n > k + A. 

Proof Recall the expression of the map from B{RL'F) to B^~’^{R^F). 


k 

^n, k 

niw) = 1 








where v = n"' ^ G W"' Let us choose two different points as follows 

Wi = (xi, yi, zi) G Bl{R^F) fl Oruf, W2 = (x 2 , 2/2, Za) G fl Oruf. 

Then by the above expression of and the assumption of the overlapping on the x—axis, 
we may assume the following estimation 

Xi — X 2 = 0 

2/1 - 2/2 = (Tn,k{yi - 2 / 2 ) 

Zl Z2 (Tn^ fc 1 ^ d,2, fc (2/1 2/2) T Z4 Z2 T R-n, fc (2/1) R-n, k (2/2) ] • 

Moreover, the dehnitions of Fk and Tg ^ implies that 

yi-y2 = o-k,o ■ (2/1 - 2/2) = o-fc,o • (ii - ^2) = 0 . 

By mean value theorem and the fact that {xj, ijj, zj) = R’^F^Xj, yj, zj) for j = 1,2, we 
obtain the following equations 

( 6 . 8 ) 


- ^2 = fkixi) - Ekiwi) - [ /fc(x2) - £k{w2) ] 
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= -Ekiwi) + ek{w2) 


= -dySkiv) ■ im - m) - Ekirt) ■ (zi - Z2) 


= -dySkir]) ■ o-n,k{yi - 1/2) 

- Ek{r]) ■ an,k[dn,k {Vl - 2 / 2 ) + Zi - Z 2 + Rn,fc(l/l) - R-n,fc(l/2)] 

n—1 

= -dyEkiv) ■ crn,kiyi - 1/2) - Ek{y) ■ an,k o ian,iy) ■ (yi - 1/2) 

- Ek{r]) ■ an,k{zi - Z 2 ) 


n—1 


dyEkiv) + Ekiv) • o i(^n,iy) ■ an,kiyi - 1 / 2 ) - Ekiv) ■ an,k (zi - Z2) 


i=k 


where v is some point in the line segment between wi and W 2 in and y is in the 


line segment between yi and y 2 - The second last eqnation is involved with Proposition 15.31 
Recall that I 2/1 — 2 / 2 I and || zi — Z 2 II = because every point in the critical Cantor 

set Opn has its inverse image under Thus by Lemma [4.51 we obtain that 


(6.9) 






a 


n—k 


_2«_2^ 
+ £ £ 


]. 


Similarly, we have 


Zi — Z 2 


= Skiwi) - 5 kiw 2 ) 

= Tfe(C) • iyi - m) + ZkiC) ■ (zi - Z 2 ) 

= Yfc(C) • 0 -n,kiyi - 1/2) + ZkiC) ■ an,k[dn,kiyi “ I/2) + Zi - Z2 + R„,fc(|/l) - Rn,fc(|/2)] 

n —1 

= YkiC) ■ an,k iyi - 2/2) + ZkiC) ■an,k X] q* o i(^n,iy) ■ iyi - 2/2) 

“1“ ■^/c(C) * ^n,k (^1 Z 2 ) 


( 6 . 10 ) 


n—1 

YkiC) + ZkiC) ■ ° i(^n,iy) 


^n^k (Z/l Z/ 2 ) “1“ ^k(,C^ ' ^n^k (^1 ^ 2 ) 


i=k 

where C is some point in the line segment between Wi and W 2 in ^^(5). By Corollary 14.4[ 
the upper bounds of ||zi — Z 2 II is 


( 6 . 11 ) 


I Zi — Z2II < C2 cr 


n—k 


[^n-k^2^ 


+ r r 


]• 


Recall 

TTa: O ^Hw) = fc [ X + SJ^iw)] + fc [ fc 2/ + Un,k ' (z + R„,,fc(2/))]. 


Then the fact that jji — y 2 = 0 implies that 
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( 6 . 12 ) 


■fl -X 2 = 71 x 0 - TTx O 

= 0:k,o[(,Xi + Sq{Wi)) - {X2 + Sq{w2))] 

+ c’‘fc,o [tk,o {Vi ~ ^2) + ■ (zi — Z2 + Rfc^o(2/i) ~ Rfc,0(1/2)) ] 

= ak,o[v[{x) + 0 (£ + p^) ](xi - X2) + cTfc,o ■ Ufc,o ■ (zi - Z2) 
where x is some point in the line segment between xi and X2- Moreover, 
z'l - z's = 77^0 d'o(^^l) - TTz o ^'o(m)2) 

( 6 . 13 ) = CTfc,o (zi - Z 2 ) + (Jfc,o[dfc,o(i/l - 1/2) + Rn,fc(i/l) - R-n,fc(i/2) ] 

= crk,o (zi — Z 2 ). 


Let US apply the estimations in (16.hh and (I6.1ip to | ’i'i — 'x 2 \ and || ’z'l — 'Z 2 I 
minimal distance is bounded above as follows 


Then the 


(6.14) 

distj^in(R;;,„, ) < I xi - T2I + II z’l 


Z 2 


< [ 


a 


2 k 


Xi - X 2 I ■V^i.x) + • (1 + ||ufc_o|l) ||zi - Z 2 II J(1 + 0(p )) 


=2*=^n-k , . 2 '=. 2 " 


< +£ 

<6*5 ^ 

' ^2fc^2(n-fc) ^^2^= ^ ^2'=^2"^ ^ ^2in-k) ^^k^2^ ^ ^2^=^ 


2kn-ki2^ . 2fc 2(n-fc)-2'= , 2fc n-fc-2'=-2" , k 2{n-k)-2^ 

a a bi + a a ^ ‘e +cr(T e e Tcrcr^ ’e 


= C. 


for some positive numbers Cs, 6*4 and C^. Moreover, if n is big enough satisfying n>k + A 
where A is the constant dehned in Proposition l 6 .ll then we obtain the condition, h\ > 

Hence, the estimation fl6.14p is rehned as follows 


(6.15) 


for some C* > 0 . 


distmin(Rw„, Rwc ) < I '^'1 - '^'2! + II z'l - Z2II 

< C [ j 


□ 


Let the box be F)) for the word w of length n. 

Lemma 6.4. Let F & M nXB(e). Take big enough n such that n > k + A where A is the 
number defined in Proposition \6.1\ depending only on e and bi. Then 

diam{Bl,) > I Cl a^a^A-k) _ | 

where w = G IT” for some positive constants Ci and C 2 - 

Proof. Let us choose two points 

Wj = (Xj, yj, Zj) e H^(R”F) n Oruf 

for j = 1,2 satisfying |a;i — a; 2 | x 1 and |i/i — 1 / 2 I = 0(1). Thus we may assume that 
II zi — Z 2 II = 0(£^") by the equation 06.61) . Recall that the diameter of the box is 
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greater than the distance between any two points in Let Wj = \ 1 /q ^ o o \ 1 >^ v('^i); 

'^o,v('^i) = "^jy Fkiwj) = iuj for j = 1 , 2 . Then 

diani(i?"^^) = sup { ||tai — ta2|| | wi, W2 G } x 1 . 

We may assume that \xi — X2\ x 1 and 1 2/i — 2/2I ^ 1 by the appropriate choice of Wi and 
W2- The dehnition of the Henon-like map, Fk and the coordinate change map, Tq ^ implies 
that 

diam(F”^) > ||hii - W2\\ > \ Vi - V 2 ] 

= kfe,o(i/i -1/2)1 

= I CTfc^o (ii - ^2)1 

= I CTfc.O [t^x O O '^kiw 2 )] I 

for any two points Wi,W2 G B^^. Recall the equation 

7r^oT^(M;) = an,k[x + Sk{w)] + an,k[tn,ky + Un,k ■ (z + R„,fc(l/))]- 

and recall x + S]^{w) = v^{x) + 0 {e^^ + p^~^) for a diffeomorphism v^{x). Thus 

I n*(xi) - n*(a;2)| = | v'^{x) ■ {xi - X2)| > Cq > 0 
where x is in the line segment between xi and X2- Thus 


Xi-X2= an,k[{xi + Skiwi)) - {X2 + S'fc(M;2))] 

T (^n,k\tn,k{yi 1/2) T Z2 T R-n, k (l/l) Rn, k (I/2) } ] 

= an,k[v[{x) ■ (xi -a;2) + 0(d^'' + 

+ 0-n,k[tn,k{yi - 1 / 2 ) + U„,fc ■ {Zl - Z2 + (Rn,fc)'(i/) ' (l/l “ I/ 2 )}] 
Then by Proposition 16.11 and the estimations in the end of Section [5l we obtain that 

\x^-x^\= Cg[ C 4 bf + C 5 ) ] 

^2(n-k) ^ ^^^2'=+! ] ^ ^n-k ^^^^2^ ^ ] 


(6.16) 


for some constants C 3 , C 4 , and C 5 , which do not have to be positive. Let us take big enough n 
satisfying n>k +A where A is dehned in Proposition 16.11 Thus we obtain that h\ > . 

Hence, 

diam(R;^) > 1^1 - ^21 > |afc,o(ii -X2)| > | Ci - ^2 a | 

where w = G W^. 

□ 


Remark 6.1. In the above lemma, we may choose two points tci and W 2 which maximize 
\xi — X 2 1• Thus we may assume that 

diam(R") > max { Ci a, C 2 } 

with appropriate positive constants Ci and C 2 - 
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For the generic geometry of the Cantor attractor, both k and n travels through any big 
natural numbers toward the inhnity. Then by the comparison of the diameter of the box 
and minimal distance between adjacent boxes, Op has the unbounded geometry. 


Proposition 6 . 5 . Let is an element of parametrized family for bi G [ 0 , 1 ] in J\f r\XB{e). 
If h\ X for infinitely many k and n, then there exists hi for Ff,^ such that 
overlaps B^^{R^F) on the x—axis where the word v = G W"‘~^ . Furthermore Fh has 
no bounded geometry on ■ 

Proof. Let us choose the two points 

Wi = (xi, yi, Zi) G Bl{R'^F) fl Opnp, W2 = {x2, 1/2, Z2) G Bl{R^F) fl Opnp 


such that \xi — X 2 I x 1 , \yi — 1 / 2 I x 1 . Recall ||zi — Z 2 II = Let Wj = (xj, Zj) be 

for j = 1, 2. Thus 


(6.17) 


X\ X 2 k 

“1“ k 


(xi + ^fc(wi)) - (X2 + ^fc(w2)) 

tn,ki^yi 1/2) T ^11, k ■ {'^1 ^2 T R'n,fc(|/l) R-n, fc(|/2) } 


Recall that an,k = + 0{p^)), an,k = (~cr)” ^(1 + 0{p^)) and x + S^{w) = x*(x) + 

0{e^ + p^~^). Since x* is a diffeomorphism and |xi — X 2 I x 1, | x*(xi) — x*(x 2 )| x 1 by mean 
value theorem. Moreover, Proposition 16.11 implies that 

llF ^ + 

^72, k' 

In addition to the above estimation, the fact that ||(R„^fc)1l = and the estimation 

in 06.71) implies that 

(6.18) 

I ■ {Zi - Z 2 + Rn,k{yi) - R-n,,fc(2/2) } | < || ^n,k ' (Zl “ Z2)|| + 11 (R„, fc)'(l/) ' {Vl “ I/ 2 ) || 

= 0{e^"e^^)+0{a--^e^'). 


lin > k +A where A is the constant defined in Proposition 16.11 then we express the equation 
06.17P as follows 

Xi-X2 = a^^"“^)[x*(xi) -v^{x2)] ■ [l + (-cr)“(”"^)](l + 0(p'')) 

where ^ depends uniformly on bi. 

Let us compare the distance of two adjacent boxes and the diameter of the box for every big 
k + A < n. Let us take n such that x b^ . We may assume that Bl^~^{R^F) overlaps 
B'!f~^{R^F) on the x—axis where v = g By Lemma [^31 and Lemma ESI 

diam(R" J > I Cl - C 2 a’^a^-'^bf \ 

BI,) < Cii[a‘^^a^-%t + ] 


where w = x^cx"' ^ ^ G hF"' for some numbers Co > 0 and Ci and 02- Hence, 


dist^in(K.,Ke) < C'a'=diam(R(^J 
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for every sufficiently large k E N and for some C > 0. Then the critical Cantor set has 
unbounded geometry. □ 

Overlapping with x bf" is valid almost everywhere with respect to Lebesgue measure 

in [HLM] . 

Theorem 6.6 f |HLMj i. Given any Q < Aq < Ai^ 0<(T<1 and any p > 2, the set of 
parameters b E [0,1] for which there are infinitely many 0 < k < n satisfying 

A 

■4o < ^ < -41 

is a dense Gs set with full Lebesgue measure. 

Unbounded geometry is almost everywhere property in the parameter set of bi for every hxed 
62 - By Corollary 16.21 the condition of the overlapping of two adjacent boxes, 
and on the x—axis implies that 

„n—k ^ 7 2 *^ 

a X 0;^ 

for inhnitely many k and n. Then 

Theorem 6.7. Let F,, be an element of parametrized space in Af nXB{e) with bi = hF/h.z.- 
Then there exists a small interval [0, 6,] for which there exists a Gs subset S C [0, b,] with 
full Lebesgue measure such that the critical Gantor set, has unbounded geometry for all 
biES. 


7 . Non rigidity on the critical Cantor set 

Let F and F be Henon-like maps in AAnXe(e). Let the universal number bi and are for 
the map F and F. Non rigidity on the Cantor set with respect to the universal constant 
bi means that the homeomorphism between critical Cantor sets, Op and Op is at most 
a—Holder continuous with a constant a < 1 iTheorem 17.21 below). This kind of non rigidity 
phenomenon is a generalization of two dimensional non rigidity theorem in |CLMj . However, 
non rigidity theorem in three or higher dimension only depends essentially on the contracting 
rate bi from two dimensional Henon-like map in higher dimension. 

7 . 1 . Bounds of the distance between two points. Let us consider the box 

b; = -tS o n o 'i'j(B) 

where B = B{R^F). Since diamB{R^F) x di&mBl{R^F), by Lemma 16)41 we have the 
estimation of the lower bound of diam B{R^F) as follows 

(7.1) diam(H”) > | C, ^| 

where w = v^cv^~^~^ E lU” for some constants Ci and 02- Let us estimate the upper bound 
of the distance. 
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Lemma 7.1. Let F G A/" fl Xb(£). Then 

diam(F^) < C ] 

where w = g for some C > 0. 

Proof. Recall the map from B{R^F) to B^{R^F). 

( 1 in,k U„,fc \ /oin,k 

1 J ( (^n,k 

dn,A: Idmxm/ \ 0'n,fc‘ldmxm 

where v = G Let us choose the two points 

wi = (xi, yi, zi) G BI{R^F) n O^np, W 2 = (x 2 , y 2 , ^ 2 ) ^ B].{R"‘F) n Opnp. 

Recall Wj = Wj = Fkiwj) and Wj = \l/g(M)j) for j = 1, 2. Observe that \xi — X 2 I and 

1 2/1 — 2/2I is 0(1)- We may assume that ||zi — Z 2 II = because is a completely 

invariant set under R^F. By Corollary 16.21 and the equation fl6.7p . we have 

xi - X2 = [(xi + 5^(wi)) - (x2 + S'fc (m;2 ))] 

F (^n,k\_tn,k (l/l yf) F • ^Zi Z2 “ 1 “ R-n, k (l/l) R-n, k (I/2) } ] 

(7.2) = a„,fc[x'(x)+ 0(L^'‘+p”"^)](xi-X 2 ) 

“1“ ^n, k \_ ^n, k (l/l 1/2 ) “1“ ^n, k ' '^2 F Rn, kijjl) Rn, k (//2) } ] 

< C + a'^F-k)^2'^ j 

for some (7 > 0. Moreover, 

2/1 - 2/2 = (Tn,k{yi - 2 / 2 ) 

^1 ^2 k dn, kijJl 1/2) F '2i\ Z 2 R Rn, k (l/l) Rn, k (I/ 2 ) ] • 

By the equation fl6.8l) . we estimate the distance between each coordinates of Fk{wi) and 

Fk{w 2 ) as follows 

^1 - ^2 = /fc(Xl) - SkiWi) - [/fc(x2) - ek{w2)] 

= fl{x) ■ (xi - X 2 ) - Ekiwi) F ek{w2) 

= [f'ki.^) - dxSkiv) ] ■ (ii - X2) - dySkij]) ■ (2/1 - 2/2) - Ek{y) ■ (zi - ±2) 

= ifki^) - dx^kiv) ] • (^1 - ^2) - dyekiv) ■ cTn,fc(2/i - 2/2) 

- Ek{r]) ■ (Tn,k[dn,k{yi - 2/2) + Zi - Z2 + Rn,fc( 2 /l) “ Rn,fc(2/2) ] 

2/1 - i/2 = Xl - X2 

Zi - Z2 = Sk{Wl) - Sk{w2) 

= Wfc(C) • (xi - X2) + Yfc(C) ■ {yi - 2/2) + ZkiC) ■ (zi - Z2) 
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= XkiC) • {xi - X2) + Yk{C) • crn,k{yi - 1/2) 

(C) " ^n, /c [ ^ 2 ) “1“ ^2 “1“ R-n, k (Z/l) R'n, /c ( 2 / 2 ) ] 

where rj and ( are some points in the line segment between wi and W 2 in The 

equations fIb.Sp and fl6.9p in Lemma 16.31 implies that 

(7.3) \xi -X 2 I < \fk{x) -d^Ekir]) I • lii -i: 2 | +C2cr'^~^[hf + ] 

and the equations fl6.10l) and fl6.1ip in the same Lemma implies that 

(7.4) II zi -Z 2 II < ||77fc(C)|| ■\xi-X2 \ + C 3 cr”"^ [ 

Then the difference of each coordinates of \1 /q(m)i) and Tq(m) 2 ) as follows 
Xi - T 2 = TT^ o T^(m)i) - tt^ o T^(m) 2 ) 

= Oik,o[{xi +So{wi)) - {X2 + Sq{w2))] 

(7.5) + ak,o [4,0 iVi - m) + Ufc,o ■ (zi - zs + Rfc,o(f/i) - Rfc, 0(1/2)) ] 

= o:k,o[vi(x) + 0 {e + p^)]{xi - X2) + (Jk,o ■ ■ (zi - Z2) 

+ crfc,o [ 4,0 {xi - ± 2 ) + Ufc^o ■ (Rfc,o(4;i) - Rfc,o(i 2 )) ] 
i/ 1 - 1 / 2 = o-fc,o (i/i - 1 / 2 ) = o-fc,o (4/1 - 0 : 2 ) 
z'l - Z2 = vr^ O To(m)i) - TT^ O To(m)2) 

(7.6) 

= O'k ,0 (zi — Z2) + CTfc^o [dfc_0(1/1 — 1/2) + Rn,A;(i/l) — Rn.,fc(i/2) ] 

= o'fc,o (zi — Z2) + cTfc 0 [dfc^o( 4 /i — X2) + R,i^fc(i/i) — R„,fc( 4 / 2 ) ] • 

Let US calculate a upper bound of the distance, || Wi — 'w 2 \\. Applying the estimation 07.31) 
and 07.41) . we obtain that 

II nil - W2\\ < I Xi - T2I + I y'l - yW + II z'l - Z2II 

< I ak,o[v[{x) + 0{e + p^)]{xi - X 2 ) + (Tk,o ■ Ufc,o • (zi - Z 2 ) 

+ crfc,o [ 4,0 {xi - X 2 ) + Ufc,o • (Rfc,o(4/i) - Rfc, 0 ( 4 / 2 )) ] I 
+ I <7^,0 (4/1 - 4 / 2 ) I + II ak,o (zi - Z 2 ) + (Tk,o[dk,o{xi - X 2 ) + R„,fc(4/i) - R„,fc(4/2)] || 

< |afc,o[^/U^) + 0{e + p’^)] ■ \f{x) -d^Skiv) | • |4/i -i; 2 | 

+ I ak,o[v:ix) + 0(8 + p^) ] • 42 a--^[ht + ] | 

+ I crfc,o [1 + | 4 ,o| + II dfc,o|| ] ( 4/1 - 4/2) I + I ak,o [1 + ||ufc,o|| ] | ■ ||(Rn,fc)'(^) • ( 4 /i - 4/2)|| 
+ I (^k,0 [1 + ||Ufc,o|| ] I ■ [II A^A:(C)|I ■ \xi — 4/2I + 43(7” )] 

After factoring out | i/i — i/2 1, the inequality continues as follows 

35 











< C5a’^\xi-X2\+C5a^’'a^-’^[bf +e^"e^"] + Cg ctV’"“^ [^ ^2'=^2"j 

+ Cs [ bf + + £-2'“£2" ] + c-g 

for some positive constants, Cj, 2 < j < 7 which are independent of k and n. The second 
last line holds by the estimation in fl7.2l) and ||(R„^fc)'|| in Proposition 15.21 Then the above 
estimation continnes 


< C,a^[a^^--^^ + a--\bt +e^’^e^^)]+C^ 


a a 




< {Cj + Cg + Cg a’^a^in-k) + + C5 a^) a^a^-^bf 


+ {Cr + C^a’^) -^-—^- 2 '= ^2 


k _on 

a'^a" '~e~ e 


for some positive constant Cg- Moreover, if n > fc + A where A is the nnmber dehned in 
Proposition 16.11 then 

1 9^ \ _9^ _9^ 

bt >£^ £■ 

Hence, 

diam(H;^) < C + aV”-^ 6 f ] 

where w = y^cy'^.-k-i ^ ^rn some C > 0. □ 


Remark 7.1. Lemma 16.41 and Lemma 17.11 implies the lower and npper bonnds of diamRw 
where = Tq o o T^(F(F’^F)) as follows 

CoI— i; 21 < diam < Cia^\xi — ^ 21 
for every big enough k eN, that is, diam B^ x a^\xi — ^ 21 • 


7.2. Non rigidity on the Cantor set with respect to bi. 


Theorem 7.2. Let Henon-like maps F and F be inAfnXB{e). Let bi be the ratio bp/b^ where 
bp is the average Jacobian and b^ for F is the number defined in Proposition^^ The number 
bi is defined by the similar way for the map F. Let <p: Op —?■ Op be a homeomorphism which 


conjugate Fop and Fq- and fiirp) 


greater than - 



log bi \ 

log 61 / 


Tp. If bi > bi, then the Holder exponent of fi is not 


Proof. Let two points tci and W 2 be in B^ {R^F) and B], (R^F) respectively. Similarly, assume 
that Wi and W 2 are in B{R^F). Let us dehne Wj = Tq o o for j = 1, 2. The points 

tci and W 2 are dehned by the similar way. For sufficiently large k E N, let us choose n 
depending on k which satishes the following inequality 

^n-k+l < •^ 2 '= ^ ^n-k_ 

Observe that bf" ^ bf". By Lemma 16.41 and Lemma 17.11 we have the following inequalities 
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dist(^i, ^2) < Co ^a^a^C-k) + ^k^n-k ^2^ J bf bf 

dist(wi, W2) > 1 C2 a'^a^C-k) _ a’^a^-k^f I > q a’^bf bf 


for some positive Cj where j = 0,1, 2, 3 and 4. Holder continuous function, cj) with the Holder 
exponent a has to satisfy 

dist(Mii, W2) < C* ( dist(M;i, '^2))°' 
for some C* > 0. Then we see that 


a*6f6f <CpHf(,r 

Take the logarithm both sides and divide them by 2 ^. After passing the limit, divide both 
sides by the negative number, 2 log&i. Then the desired upper bound of the Holder exponent 
is obtained 

A; log (T + 2 ^ log &i + 2 ^ log &i < log C + a (k log a + 2 ^ log bi + 2 ^ log 61 ) 
k ~ 1 f k 

^ log a + log 61 + log 61 < ^logC + a f ^ loga + log^i + log^i j 
log bi + log bi < a -2 log bi 

2 V log bi J 


□ 


The best possible regularity of homeomorphic conjugation between two critical Cantor set 
is unknown. In particular, the possible biggest Holder exponent of 0 where F and F are 
two dimensional Henon-like map and bp = bp. However, the average Jacobian of higher 
dimensional Henon-like map in J\f r\XB{e) less affects the non rigidity than the number bi. 
In other words, in higher dimension we may less expect the rigidity between two different 
Cantor attractors. 


A. Recursive formula of DSi 

The pre-renormalization of Henon-like map, 

FRF = HoF^oH-^ 

where H~^{w) = y, z, + d{y, f~^{y),0)). Let Pre(5i be tTz o PRF. The renormal¬ 

ization of F, RF is A o PRF o A“^. The third coordinate of RF, di{w) is — Pre 5i (aotc). 

c^o 

Recall that 6{w) = (J^(tc), S‘^{w), ..., S^(w)). Thus each partial derivatives of coordi¬ 
nate function S^w) is each partial derivatives of PreJ-j at aoto. 
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Lemma A.l. Let F be the m+2 dimensional renormalizable Henon-like map. Let n^oF = 6 
and TTz o RF = 5i. Then 

m 

dJl{w) = dy6^ o ijliw) + ^ o ijliw) ■ o '4)l{w) • 9^0“^(dow) 


1=1 


+ oi/jI{w) --^6^{aox, f ^((Toa:),0) 


dy5i{w) = dy5^ o 'ipl{w) + ^ o iIjI{w) ■ dj^ o ■ dycf) ^(ctow) 


1=1 


d 


^ o il}l{w) ■ dy6^ o i/jI{w) + d,/ o i/jI{w) • — 6\aoy, f ^(ctoI/), 0) 

1=1 i=l y 


dzid{{w) = 


dyd^ o ililiw) + Y ° ° 

1 = 1 
m 

+ Y ° ° 

Z=1 

/or 1 < / < m anc? 1 < i < m. 


^2,0 (o-qw) 


Proof. The expression of Pre(5i is as follows 

Pre (to) = 6 o F o H~^(w) — d{x, f~^{x), 0) 

= S{x, (j)~^{w), S o H~^(w)) — S(x, f~^(x), 0 ). 

Recall S(w) = (<5^(to), 5^(to),..., 5”^(to)). The coordinate fnnction of Sf(w) or Pre(5'((to) 
is dehned similarly for 1 < / < m. Let us calculate 03 ;Pre( 5 '((to) 

02;Pre 6l{w) 

= ° ^ ° S^{x,f~\x),0) 

= ^ 0"^(tn), 6oH{w)) - ^ (5^(x,/"^(a:),0) 

ox dx 

= dx5^ o [F o + dyd^ o [F o H~^{w)) ■ dx4>~^{w) 

m , 

+ ° ° H-\w)) -dxiS^o H-\w)) - ^ 6^{x, f-\x), 0) 

z=i 

= dxS^ o [F o + dyd^ o [F o H~^{w)) ■ dx4>~^{w) 

m 7 

+ ° {F o H-\w)) • dx6^ o H-\w) • 0.0-'(tn) - ^ 5^ (x, /"'(x), 0) 


(A.l) 


dy5^ o (F o H '(to)) + 'Y ^ziS^ o (F o H '(to)) • 0.5* o H '(to) 

z=i 


0.0 '(to) 
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+ dj^ O (F O H-\w)) - ^ 6\x, f-\x), 0). 


Recall that = H ^(aow) and 'ipKw) = FoH ^(cow). Since dxSf(w) = d^Predflaow), 

equation flA.ip implies that 

m 

dxSiiw) = dyS^ O ^ O 'il^Kw) ■ dj^ o • d^(l)~^{aow) 


i=i 


+ o 'il}l{w) - ^ 5^(croX, / ^(o-qx), 0 ) 
for each 1 < j < m. Let us calculate c?j,Pre (5j(tc) 
c?yPre d{(w) 

= - ^6^{x,f~\x),0) 

= S^{x, (p~^{w), d o H{w)) 

dy 

m 

= dyS^ o [F o H~^{w)) ■ dy(l)~^{w) + dziS^ o [F o H~^{w)) ■ dy{ 5^ o H~^{w)) 


1=1 

m 


= dy6^ o (F o H ^{w))-dy(j) ^{w) o {F o H ^{w)) 


1=1 


d 


dj^ O H-\w) • dy(ji-\w) + dy6= O H-\w) + O H-\w) • — S\y, f-\y), 0) 

i=l y 


dyd^ o [F o H ^{w)) + o [F o H ^(w)) ■ d^S''o H ^{w) ■ dycj) ^(w) 

1=1 

m m 7 

J29z,S^ ° (F ° H-\w)) ■ [ dy6^ o H-\w) + o H-\w) ■ ^ 6\y,f-\y), 0) 


1=1 


i=l 


Then 
dydi{w) = 


dyd^ O ipliw) + ^ ^z^6^ O ipl^w) ■ dj'- o ipliw) ■ dycj) ^{aow) 


1=1 


+ ° ° ° ^ '^*(^02/, / ^(c^ol/), 0) 

i=l i=l ^ 

for each 1 < j < m. Let us calculate dzFie5{{w) for 1 < i < m 


5^.Pre S((w 

_d 

dz. 


(^6^ o F o H ^(ta)) — — (5-^(x, / ^(x),0) 


39 
















A 

dzi 


6^{x, (j) ^(w), <5 o H{w)) 


dy5^o{FoH ^{w)+ o [F o H ^{w)) ■ o H ^(w)) 


i=i 


= dy5^o{FoH ^{w))■^^^(t) ^{w) 




1=1 


dJ^oH ^{w) + ^^^5^oH ^{w) 

dz,(p~\w) 


dy6^ o (F o H ^{w)) + o [F o H ^{w)) ■ d^S’' o H ^(w) 

1=1 

m m 

+ A ° ° ^”^(^)) • A ° 


1=1 


i=l 


dziSii^) = 


dy6^ o ipliw) + A ° '^li'^) ■ ° 

1=1 

m 


•( 9^,0 XcToW) 


1=1 


(B.l) 


for each 1 < i, j < m. Hence, the proof is complete. □ 

B. Critical point of infinitely renormalizable 

Henon-like map 

The Henon-like map F has the tip if it is inhnitely renormalizable. Let Tk be the tip of R^F 
for k E N. Define the critical point of R^F, cp^. as {R^F)~^(rk)■ For k < n, dehne and 
j. as follows 

° 'Af" O . . . o C. 

Recall the eqnation between renormalized map 

F,+, = {rZT'° Pf °'li*' 

for k < j < n. 

Lemma B.l. Let F be the infinitely renormalizable Henon-like map. Then 

n,.0Fr. = Fk0^l^ 

for k < n. 

Proof. Recall the eqnation = Fj o for k < j < n. Thns 

n o i-j,, = n o ii*' o o ■ ■ • o c 
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= [ Ft o (Ft o ] O (Ft+i O O ■ ■ ■ O (F„_, . C) 
= ilt*" ° ° Ft+2 O (Ft+2 O O . . . O (F„_l o O 


= .*;+'o,^;+2o...ov.>F„ 

= n‘v»-F« 

□ 


Corollary B.2. Let F he the infinitely renormalizahle Henon-like map. Let cp. is the critical 
point of Fj for j G N. Then 

CPk = ^fc,c(cF„) 


for k < n. Moreover, 

OO 


{cFt} = n4'lc(B)- 

i=k 


Proof. Lemma [B. II implies 
for k < n. Then 


n,cM = {Fk)-^o^iil^oF,,{cpJ 


= {F,)-^o^l^{r^) 
= {F,)-\n) 


= CFfc 

By the above equation, cp^ G for every i > k. Furthermore, 

,pt+i(a)3,pJ;y(B)3... 

is the nested sequence by the dehnition of Since diam < Ca"‘~’‘ where a is the 

universal scaling factor for k < n and for some C > 0. Then 

lim = {cpj. 

1^00 

Hence, the intersection of ciB) for alH > fc is the set of critical point of F^. □ 
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